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A method is developed to solve problems of the mechanics of a continuous
medium and mathematical physics for domains with slits (cracks) or thin in-
clusions based, firstly, on an integral transform in a variable intersecting the
slit or inclusion, secondly, on the formulation of the boundary value problem
under investigation in the form of a system of first order differential equations,
The method is illustrated by specific mechanics problems,

R. V. Serebrianyi [1] apparently first used theidea of anintegral (Fourier)
transform on a line intersecting a slit in solving the problem of the bending of
aninfiniteplate, hinge~slit along an infinite line,

1. Let us consider the boundary value problem for the equation
a 0 ] 3
n®a[n @] tnme[r 5] -a®e — emu=0 &b

in the domain shown in Fig, 1, with boundary conditions of general type on the coor-
dinate lines

§=§o,§=§*;'fl=’f]1,‘n=‘n4.

We assume that there is a slit or a
thin inclusion on the coordinate line
E=§ for ma<<mM<<mg,ie.,
a line on which the required function
becomes discontinuous (but its nor-
mal derivative is specified),

(1.2)
U lz=z,—0 — U [z=2,40 = X (M),
ou) o = g(n)
di 21—0— aE, £1+0 =&\
(eSN<<Ms)

or the normal derivative becomes
discontinuous (but values of the
function are specified, i.e,,

u
7

du

u |Ea—0 =Uu IE!+0 =g (71)7 E:-—O— 3%,

=y () Me<n<m) (1.3)

Z140

Here % (M) is an unknown function equal to zero on the continuation of the slit
or inclusion , and £ (1) is a specified function.

The usual means (for example [2] ) of solving such problems by the integral trans-
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form method is based on partitioning the domain under investigation (Fig, 1) into two
parts by a coordinate line & = E, containing the slit. Subsequent connection of the
solutions for these domains with conditions (1.2) or (1.3) taken into account results in
dual integral equations.

Let us use another way of solution which does not require partitioning the initial
domain into parts and is based on the presence of a transform in the variable £ in the
interval (E,, E,) expressed in the general case by the formulas

Ex
mm = u®@ K ENTEE uE )= BEMNuLmd)
[

Eo

(1.4)

( 1 can represent a certain line in the plane of the complex variable A ),
To realize the method developed here, let us multiply both sides of (1.1) by r;~*
(8)K (E, A) and let us integrate by parts separately in the intervals (§,, ;) and
(B, &) - Use of a differential equation and boundary conditions of the Sturm—
Liouville problem, whose solution [3] is the kernel K (&, A), and also of the no-
tation (1.4), permits reduction of (1. 1) to the following:

T2 %(pzﬁ' “*>_ (g2 +Mur=nA) [ulsg—tfeso] — (1.5)
Jou du
‘M [E -0 OF E.:+0] (m<n<<my)

nd)=|p G 1) = [PKls,

For example, let the condition (1, 2) be realized on the slit (inclusion), then we
can write in place of (1.5)

r2%<l’2}%uk)—'(92+x)ux= n(A)x(n) Mm<n<mn) (1.6)

Boundary conditions transformed along the boundary lines N = 7, and 1 = T
having the following form in the general case [4 ]
Ujlw) =y (=01) (1.7)

should still be added to the equation obtained.

If the Green's function G (1, 6) of the semi-homogeneous (y; = 0, j = 0,1)
boundary value problem (1.6), (1.7) is constructed and the basis system of functions
V; (n), j = 0,1 is known which satisfies the homogeneous differential equation (1.6)
and the boundary conditions

U [Yg] =8 k=0, 1) (1.8)

then the solution of the boundary value problem (1.6), (1.7) will have the form [5]
N3 1
ur(m) = § G 0)n W) x(0)do+ 3 3w (1) (1.9)
Mz =

Furthermore, using the inversion formula (1.4), we find the original u (§, )
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for the transform (1,9). Substituting its derivative with respect to § into (1.2), we
arrive at an integral equation to determine ¥ (M). Asamle , it turng out tobessingular,

To extract the singular part explicitly beforehand, it is recommended to take the
Green's function in the following form:

1 {1, 10)
Mm@=@m®—%%@%ﬂﬂ

where @ (1, ) is understood to be a fundamental function which is used to express
the solution u () of (1.6) with an arbitrary right side f (6) by the formula

Mm=§®m®ﬂ®@ (1.11)
™

1f (1, 8) is taken into account with the governing properties of the Green's function
[4,5], it can be seen that (1,10) actually defines the Green's function of the boundary
value problem (1,6), (1.7).

Note, Itis precisely the first term in (1.10) which determines the singular part
in the kemel of the integral equation mentioned. The formula (1, 10) presented here
for the Green's function is apparently new, It remains valid even for differential equ «
ations of arbitrary order (only the quantity of terms under the summation sign changes),

It is simplest to construct the fundamental function @ (n, 6¢) by using the in-

tegral transform
g

{ Ko, )y rs () f (m)dn = fu f(n)=lSRz(n, W) fodos (1) (L.12)

o
whose kernel is the solution of the Sturm~— Liouville problem for the equation
d d
r2(7])7dﬁ[P2 (TI)E KzJ"“.Isz = —puK, M<n< M%) (1,13)

In the case of (1.6 ) with constant coefficients, the fundamental function con -
structed in such a way becomes dependent on the difference between the arguments and
it turns out to be convenient to take one of the following

DMo)=0M—0)xt DM+ o) (1.14)
as @ (n, o) in(l.10),

2, Let us realize the scheme elucidated in an example of the following problem.,
There is a thin stiff inclusion in the form of astrip 0Tz <Ca(a < 1); —o0 <
z<{ oo inthe y = 0 plane in an elastic layer (0 <C z {1, —o0 << y, z <<oo)
with the clamped edge z = 1 . Find the stress field if a uniformly distributed she-
aring (i.e., acting along the 2 -axis ) load is applied to the outer edge of the in-
clusion mentioned, This antiplane problem is equivalent to the boundary value problem

Aw=0 (—oolyLoo, 0Lz1) (2.1)



128 G.la, Popov

dw i dw ow
Tl =0 Wl =0 (T =ph v, = p g u)

with compliance with the following conditions on the inclusion ( [ is the shear mo-
dulus ) representing the analog of the conditions (1.3)

X}

b o
Tyz ly=—0 — Tyz ly=f+o = B [_31;’ o _—6; _H)] = % (z) (2.2)
a_a_w =0 O<<z<a x(x)=0,zr &0, a)
r  ly=0

Applying a Fourier transform in Y to the Laplace equation from (2,1) with a
partition (according to the scheme in Sect, 1 ) of the section of integration into two
(—o0, — 0) (+ 0, o) and (2.2) taken into account, we arrive at the following an-
alog of the boundary value problem (1,6), (1.7):

42

—%%(ﬁ——ﬁzwa(x)=—-’—‘-ﬁﬂ Oz (2.3)
dwg (z) r

S| =0 (g0 § e i)

We easily find the basis system of functions satisfying the boundarv conditions (1, 8)

Yolw) = — MELZD gy (o) = DB (2.0)

By using the Fourier transform in y (performing the role of the transformation
(1.12) here ) applied to (2,3), we determine the fundamental function
1 e eIl 1=zl (2.5)
Ox—8 =—5- S I ol Y Y
With the first espression from (1, 14 ) substituted and (2,4 ) and (2,5) taken into
account, (1,10) results in the following expression for the Green’s function of the
boundary value problem (2,3):

s R L ch Bz ch BE (2.6)
_..G(xvg)'"’ 2181 __r———em[ﬁichﬁ

Using it, we find dwg (2) / dx.

Subsequent utilization of the inversion formula for the Fourier transform and ev-
aluation of the known integrals in the transformation parameter B permit obtaining
an expression for dw/ dz. Substituting it into (2, 2) results in the following integral
equation

g cosec ZE—8) y 1ydg — 0 (I=I<a)

to determine the function ¥ (§) (continued evenly tonegative values of the argument),
The equation obtained admits of a simple exact solution containing an arbitrary
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constant, The value of this latter can be determined from the equilibrium condition
for the inclusion,

§. The scheme elucidated in Sect.1 is geuerauaeu in an evident manner i€
case of a finite number of inclusions (or slits) located on the coordinate lines § = const
(there willbe a system instead of just one integral equation), It can also be extended to the
case of more general conditions on the inclusions than (1,2) or (1.3),

In principle, the presence of inclusions on both the lines § = const and on the
lines n = const is more comnlex

In addltlon to inclusion (sht Yon the line & = §; (Fig.1) depicted in Sect, 1,
there is still an inclusion (slit) on the line 1 = M;. For definiteness, let us consider
that conditions of the type (1, 2) are realized thereon, i.,e,,

ot

~ 4L
U Ul

Ulp-o —Ufgro =P &) (W (E) =0, Ec& (€ &) (3.1)
du du
T o = BN o = 26 B SESE)

Applying the transformation (1.4) to the first of these conditions yields

Unls ~Unfnso = ¥r (= Sr ®) K& Mo E)dE) .2)

This condition now needs to be appended to the boundary value problem (1, 6),
(L7). In order to satisfy it, we first find the auxiliary function ux* (n), which
should have the jump (3.2) to satisfy the differential equation (1,6) in the intervals

(No» M2) and (ngz, M,), whereMy < M1, Ny >> M4,and theboundary conditions on the
Sturm — Liouville problem for the kernel of the integral transform (1. 12) aswell.

Such a function is easily found by using this transformation applied to (1,6) in the
interval (Mg, My) partitioned into two: (1y, Nz — 0) and (my + 0, m,) and
taking account of the jump (3,2). It will have the form

n (M) Y+ ng (B) P
w* () = — | T R, ) doa () (3.3)
ls

(ng (W) = [p2 M)OK, | 0n)peen)

Now, if values of the functionals contained in (1,7)
Uj lua*] = o;* (3.4)

are found and the basis system of functions satisfying the condition (1,8) is available,
it can be seen that the solution of the boundary value problem (1,6), (1,7) in the
presence of the jump (3,2) will have the form

wn () = wa* () + 3 (v — 1) 03 () .5
§=0
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Subsequent utilization of the inversion formula from (1.4) permits finding the
function % (&, M) and its derivatives, Realization of the second conditions from
(1.2) and (3,1) on the inclusions (slits) will result in a system of integral equations in
the required functions ¥ (§) and P (n).

Let us illustrate the scheme elucidated in the problem selected in Sect, 2 by adding
the presence of a crack on the segment z = g, —b < y < b with the conditions

w@—0,y)—w@+0,y) =y (3.6)
ow ow
W’a—o ="9x a+0=0 (Jyl<b)

to it, which will result in complicating the boundary value problem (2, 3 ) because of
compliance with the condition
wp (@ — 0) — wg (a + 0) = g 3.7)

obtained by a Fourier transformation of the first conditions (3. 6) relative to » .
Let us take the Fourier cosine transform

oo

2
\cosast @)z =1, 1) =
0
as the analog of the integral transform (1,12),
Applying it to the differential equation (2,3) with the partition of the interval
(0, o) into (0, a — 0), (@ + 0, o) and the jump (3, 7) taken into account, we
find the analog of the function (3.3)

(3.8)
cos axf do

S0 g

Dho i - (3- 9)
2 a sin aaPg - poly,
wy* (x) = TS &1 B cos azda
In the case selected, the values of the functionals from (3.4 ) have the form
dw*
B
W= g ey =00 WF =g () (3;=0) (3.10)

and the basis system of functions is determined by (2.4 ). Hence, according to (3.5)
the solution of the boundary value problem (2,3) in the presence of the jump (3.7)

will be
wg (z) = wp* (z) — 7,* ch Pz sech B (3.11)

Using the inversion formula for the Fourier transform, we hence find w (z, ¥).
After evaluation of the known integrals in the parameter f we amrive at the fol-
lowing formula

Gw o m (sinYar(z— &) ch Yy (B)
oz T bp 5 sh? 1yny - sin2 i, (x — E) dg — (3.12)

b
9 ¢ shifpan(m—y) |

shen (n—y) ] P’ (m)

arctg sin1/,% (a + x) n

dn

Here the function X (z) is continued evenly to negative values of the argument,
while the derivative of the function  (y) appears because of integration by parts,
Using the formula obtained, we realize the remaining condition on the inclusion (2, 2)
and on the crack (3.6). Weconsequentlyarrive at the following system of singular
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integral equations

a b
1 S ¥ (€) & '
2% ) smYnE—a) S

@, m—s(—zMPMdi=0 (=z|<a) (3,13)
b
b

Sb [m—s(a,n— ?/)]\P'(n)dn-}-

a

1 -
o ) cwor@E=0 qyi<y
sh 1/,my cos Y/,m (a + x) ch1/,my sintfo m (a — )
SO = Ry st @t o) 0 WD = Wy i a5

Let us note that the derivative of the expansion of the crack ¥’ () can be found
from this system, However, the stress intensity factor [6] is of greatest interest, In the
case of plane problems, the relation of this factor to the factor of the singularity in the
derivative of the crack expansion is established by analyzing complex potentials [6].
An analogous relation can be proposed in the general case also, if the problem is stated
in the form of a singular equation in the derivative of the crack expansion, To do this,
the known behavior of Cauchy type integrals given on a segment as the variable appro-
aches the ends of integration from an outer and inner point of the mentioned segment
should be used [7].

4. In examining the more complex boundary value problems of mathematical phy-
sics and the mechanics of continuous media, we must deal with not one second order
equations but with a system of such equations or with one equation but of an order
higher than the second (elasticity theory, theory of plate and shell bending, etc, ).

To solve such problems with slits (cracks) or thin inclusions by the method elu -
cidated above, the differential equation of the boundary value problems under investi-
gation should be written as a complete system of first order differential equations, which
permits writing most simply and realizing the condition on the slit or inclusion,

Let us illustrate this in a plate bending problem. A rectangular (@, < z < ay,

0<y<{b, ay — ay > b) plate, hinge-supported along the edges y = 0,

y = b is subjected to the effect of a normal load ¢ (x,y) = q distributed nor-
mally over the whole domain mentioned, When this load reaches the specific quantity

g = gp at the center of the plate, the normal stress 0, reaches the yield point

Op (or M, = M, ), A further increase in the load ¢ > q, under the assump-
tion of no hardening of #he material can result in the occurrence of a linear plastic
hinge on the segment ¢y <C x < ¢; on which the condition

Mylymi= M, (<z<e, I=1)D) (4.1)

will be satisfied, (Such a hinge definitely occurs if there is a shallow crack on the
segment mentioned),

It is required to clarify the stress redistribution in the plate upon the occurrence of
the plastic hinge mentioned.

To solve the problem posed by the method developed here, let us start from the
complete system of first order equations in the bending characteristics:
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a i
ung’ (Px'_‘“?z“* q)vz’éyi’ Mx’ ]Wy, Mxya Qx’ Qv’ Vx3 Vy

Taking account of the hinge support of the plate along the edges y = 0, b, we
apply the finite Fourier sine and cosine transforms defined by formulas of the type

b
us=SDw(x,y)sinﬁydy (5____"53_‘_,,,:0,1’2,”_) (4.2)
0

b b
Q) = § Qu(z y)cosPydy, ¢ = Xcz(x, y) sin Py dy

to this system,

Upon performing the integration by parts associated with this operation, the range
of integration should be separated into two: (0, I — 0), (I + 0, b) , and it should
be taken into account that, the angle of rotation @y becomes discontinuous with pass-
age through the hinge,i.e.,

Pylio — Pylno = % (2) XE@)=0, z & (e ¢)) (4.3)
We will consequently have (we consider the Poisson’s ratio zero)
dQy’ dM® ¢
2 50— —gt, D pag,— 05 =0
dM;y d(pxs dl/ts . s

Tdx + ﬁ*’wus - ch =0, dx + M’ = 0, dz Px
M, — B, +sinBly(x) =0, M, +Be. =0, ¢ =pu’

dMe c i s
T:‘U‘ + Q) =1, V= Q. — PMz,

By elimination and linear combinations, the system obtained can be reduced to
the differential equation

%;1+pz:f (1< 7 < ) (4.4)
| 00—t 0 0
0 0 282 —1 0
P=l o 1+ o op I= 0
—f 0 0 0 — g% — f2sin Biy (x)

in the vector function (column matrix) z (z) = (u*, M,’, @,", V.'). If the boundary
conditions on the edges x = a; which have the following form

Az (ag) + Bz (a)) = ¥ (4,5)

in the general case, is added to the equation obtained ( A, B are matrices, and

Y is a fourth order column matrix), then we amive at a one-dimensional boundary
value problem for the vector 2. If the matrix Green's function (the Green's matrix

G (z, £) ) is constructed for the semi-homogeneous (y = () boundary value problem
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(4.4 ), (4.5) and thebasis matrix ¥ (-‘t) satisfying the equation and boundary conditions

d¥/dz + P¥ =0 (4.6)
AY (ap) + BY (a)) =1 (4.7)

then the solution of the inhomogeneous boundary value problem (4,4),(4.5) can be
obtained bymeans of the formula

az

2(0) = { G (&, ) @) dE+ F (@) y .8

]
which is the analog of (1. 9),

Note. If we donot proceed from a system of first order equations but from the
equation of Sophie Germain, then we have one scalar fourth order equation instead of
(4.4). However, %" {2), with nonintegrable singularities at the points z = ¢; , will
be contained in its right side, Such difficulties do not occur in the solution of different
mathematical physics problems (in particular, the plate bending problem),and the
method elucidated can be applied directly to the high order governing equations (par -
ticularly to the Sophie Germain equation ) if this is certainly convenient,

Finding the vector 2 (Z) and using the inversion formula for the finite sine trans-
form,we find M, (2, y). This permits realization of the condition (4, 1), obtaining
thereby the integral equation for the desired function X (Z).

As we see, the principal difficulty (technical) is in constructing the Green's matrix,
Since the general method [4 ] of constructing such matrices is awkward and inconvenient
from the viewpoint of extracting the singular parts in the equations obtained, a special
method of constructing the Green's matrix is elucidated below.

5. For generality, let us consider the yector 2 (z) tobe of n -th order. A so-
called matrizant [8], i.e., the solution Z () of (4,6) which possesses the property

Z0) =1I (5.1)

can be constructed for equations of the type (4.4 ) with constant coefficients.
Indeed, let us introduce the matrix

M@ =IT+ P

into the considerations, whose determinant will evidently be a polynomial of degree
n, i.e.,

(5.2)

£ (5.3)
(M © = 0.0 =¢ec—20

=0

If { does not coincide with any of the roots (they may even be multiple) of this
polynomial, then there will exist

M (5 = A* (D) @71 (D) (3.4)

where A* (L) is the transpose matrix to the matrix of cofactors for the elements of
the matrix (56.2).
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Let us show that

1 A*
Z(x)——z—m—§ 3 8 = dr (5.5)

(C 1is any closed contour enclosing all the zeroes of the polynomial Q).

Let us substitute (5,5) into (4,6), taking into account that the matrix (5,4) is
inverse to the matrix M ({) and let us use the Cauchy theorem., We consequently
arrive at an identity, There remains to show the validity of the equation (5, 1) which
is equivalent to the following:

L6 st 5.6
w0 1 &0

In order to see its validity, it is sufficient to compute the residue of the integrand
(5.6) for { = oo.
The expression (5.5) obtained for the matrizant can evidently be written in the

following form:
A*(C)e‘x
}_IR s[ 0. ]-z;« (5.7)
-]

Knowing the matrizant, we can construct the basis matrix possessing the property

(4.7)
¥ (z)=Z(2)C (5.8)

It can be shown, exactly as in the case of (1,10), that the following formula for
the Green's matrix of the boundary value problem (4,4), (4.5) is valid

G(z, &) = D (z, &) — ¥ (2) [AD (ap, ) + BD (a;, &)l (5.9)

where @ (z, £) is the fundamental matrix performing the same role as does  the
fundamental function in the scalar case,

In the case of (4.4) with constant coefficients, the fundamental matrix dependent
on the difference between the arguments is easily constructed if it is taken into account
[4] that every matrix @ (z — §) satisfying the matrix equation (4,6) for = > §
and for = <C €, and having the jump

D+ 0)—-D(—0 =1 (5.10)
for x = § , is fundamental,
The matrix
1 A*
W) =+ g7 Qg w=0 (5.11)
Cy

for instance , possesses this property, where C, is the contour enclosing any m roots
of the polynomial @, (L), and C_ is the contour enclosing the remaining — m
roots, In order to see this, it is sufficient to take into account that each of the contour
integrals in (5, 11) satisfies (4, 6) on the basis of (5,4), The equality (5,10) turns out
to be valid on the basis of (5,6), The fundamental matrix can also be constructed by
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applying a Fourier transform to (4,4 ) just as was done in obtaining the fundamental
function (2,5)., We consequently arrive at the formula
ioo
1 A*(}) (5.12)
(D e e S Ly
W=z ) g%

300

which is a particular realization of (5,11).

Comparing (5,12), (5,11) with (5.5), we see that the fundamental matrix is
expressed in terms of the came residues as the matrizant (5.7). As in the scalar case,
it will sometimes be con znient to substitute one of the following expressions:

O, )=0@x—- D+ (5.13)
into (5.9) in the presence of fundamental matrices of the type (5,11).

Note, Formula (5,9) is valid even in the general case of (4.4) when a matrix
Py is in front of the derivative instead of unity matrix (det P, == 0) and when both
matrices Py, and P, depend on the variable 2. The method elucidated here to
construct the matrizant and the fundamental matrix is based on the Cauchy method {9]
and on its development by M, G, Krein in application to an ordinary differential equa=-
tion with constant coefficients,

6. Let us apply the formula obtained to the solution of the problem posed above
on the linear plastic hinge by assuming, for definiteness, that the edges = = q,, a,
of the plate are hinge~supported, where
a, = 0, ¢, = a.

When using (5,9) it turns out to be convenient to operate with their blocks rather
than with the components of the matrices P, A, B, z, f . This is associated par-
tially with the fact that the boundary conditions (4, 5) are usually given in separated
(with respect to the edges) form in application to definite sets (blocks) z* () of ele-
ments of the vector functions z () = {z* (z), 2~ (z)}. For example, in the case of
the problem selected if u® and M.’ refer to the block z* (z) and @,°, V.'
are referred to the block 2z~ (z) , then the hinge-support conditions are written in
the form

zr(0) =0, z*(a) =0 (6.1)
Let us represent the matrices in (4,4)—(4.7) in the form
o pt —1 0 1 0 1
= L I (6-2)
P=lp ol * 1262 Y A }’—m oﬂ
TS 1 I I
I= I ! =HO" F= — ¢* — B2 sin Bly (z)
I 0 ’0 0 ’
4=1lo 0” ~|r o” v ="

The blocks of the Green's matrix G (z, E) and the basis matrix ¥ (z) will be
marked by superscripts, i.e. G'* (z, &), V¥ (), j, k = 0,1. On the basis of
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{4,8) and (6, 2) we will hence have
us
e

i.e., only one block of the Green's matrix is needed to solve the problem selected,
On the basis of (6,2), the matrix (5, 2) is written in the block form

p+
4]

We denote the block of its inverse matrix by M # . It is convenient to find them
from the four equations obtained from the matrix equality

¥ (x) =

= \' G™ (x, &) f~(E) d& (6.3)

. ” e (6.4)

o P ML ML O
Pl |Mae M :|§0 Jk
We consequently obtain .
Qn Q)= @ —PB A*(Q)= 2}0?;"35 (6.5)
=
0 s R 0 | O P*i
o=ls- o M=o &l T "|p 0|
282 1 0 1
— + o -
p=1, B =| 2 o] 11__,54 o5
si—mp=" " sogp-|E °
= = gt 0|’ = = — 2B —p*

On the basis of (6,5), the formula (5,7) for the matrizant reduces to

3 .
Z() = ZAWU) @), u(2)= EL_%HL&, ut = 2%
=0
and after evaluation of the residues (5, 12 ) acquires the form
3 ~Blul (148
F €
O (y) = ZA;{?W @, o= —-~—-—--—4§ _ .
i=0
To construct the basis matrix, let us write the boundary conditions (4, 7) in blocks
Y0 (0) = Wi (a) =1, ¥H(0) =V¥"(a) =0 (6,8)
The first and third equalities will be satisfied by virtues of (5. 1) if we set
I 0
€= cro cu (6.9)

in (5,8). The realization of the remaining two will result in the formulas
CHt = [Z9 (@)t = N, C?® = — NZ% (a) = — N’ (6.10)
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Taking (6. 6) into account, we find (p = af)

. 1 52(9‘3119+Shp) pchp—shp ’ (6,11)
~ 2Bsh*p |pt(3shp+pchp) B*(pchp -+ shp)y
, 1 | PRe+sh20) 20-—sh2p l

T IBSe Bt (3sh2p - 2p) B2 (2p +sh2p)|

Therefore, the required basis function is determined by using (5, 8) and (6,9) —
(6,11) by the formula

3
I R (6.12)

¥ () = Zum (x)Ajﬂ_N, N

i=0

Taking the second expression from (5, 13 ) and using (6,7) and (6,12), on the basis
of (5,9) we obtain the Green's matrix for which the block needed has the form

G (2, 8) = [p(z —E) — @z +E)NS" — [® (z — E) — ™ (z +- §)] X

« () (6.13)
Pt — e [sh BES* NE* -+ (p sh Bg — BE ch Bt) S*NE-] +
2) (sh BEP*NE® + (ph B — BE ch ) PPN E"]

2f8°
(Ba = p, B = S*Fp*P")

Marking the components of the block obtained by subscripts, we have on the basis
of (6,3), (6,2)and (6,5), (6,11)

ut (@) = — \ Gy (2, B) B2 sin Bl (8) dE — § Gor® (2, B) ¢* (B) (6.14)
Gozm(-’”y E) = ‘P(x+ g)"‘(p(x— g)_k (x’ g, ﬁ)
k(z, & P) = [2B%esh pI"t [Pz ch Pz sh BE -+ PBE sh Pz ch BE —

sh Pz sh BE (1 4 p e cosech p)l

Hence, by using the inversion formula for a finite sine transform, we find the de~
flection of the plate and the bending moment, After some manipulation, the next re~
alization of condition (4,1) results in the following singular integral equation;

3 @
HWSIncth;—b|xu§|x(§)d§+ (6.15)

Co

(K@ Hr®dt=M,— Q@) o<z<a

The regular part of the kernel K (z, £) and the function Q (%) are deter-
mined by the formulas

1 a z—E b b
K> @Y = 75 g mmee—g + Ko 850 7)
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b

Q@ = \W|S: (e —t 5 )+ Ko(w 8, 5, n)) 0 (& matan

0

o

Ut )~ 55 Gy ) npustan

B=nab1,j=01..)
Finding the (approximate } solution of the equation obtained by orthogonal poly -
nomials, say, by using the expansion [10]
92k~1 ___ 1) o2k

N By
Incth]y[~lnm+; k (2K)! Y

and the spectral relationship {11]
1

1 @ ¢ 1 —
T Y e VISR U@ dE = — (0 + D UL@) (2(<t)
—1
we obtain the transform of the deflections by (6. 14) and the plate deflections and de~
sign forces by using it,

In conclusion, let us note that the more complex problem of a cruciform plastic
hinge can be considered and reduced to a system of two singular integral equations, and
also problems in the presence of analogous open slots and narrow elastic beam  rein-
forcements, In general the method elucidated is applicable to all those boundary value
problems with slits and inclusions which are solvable by the method of integral trans-
forms upon removal of the defects mentioned, It is only important that the slits and
inclusions be inscribed in an appropriate coordinate grid,
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